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J> Abstract

Consider the online testing problem that a possibly infinite sequence of batches of hypotheses
is tested before the next batch comes. The error rate is required to be controlled at all decision
points. Conventional simultaneous testing rules are no longer applicable due to the more stringent
error constraints and absence of future data. Moreover, the online decision-making process may
come to a halt when the total error budget, or alpha-wealth, is exhausted. This work develops a
new online pseudo local index of significance (OPLIS) rule for online false discovery rate (FDR)
control. A key element in our proposal is a new alpha-investing algorithm that using the comformal
inference framework to characterizes the gains and losses in sequential decision making. OPLIS
uses a constructed dataset to capture time varying structures of the data stream and learns the
decision threshold adaptively by a mirror process. We demonstrate that OPLIS offers finite-sample
guarantees in online FDR control. Numerical results confirm the effectiveness and robustness of

OPLIS.

Keywords: conformal inference, online FDR control, mirror process, s
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w=2.5
t 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000
FDR | 0.0820 | 0.0800 | 0.0790 | 0.0789 | 0.0794 | 0.0791 | 0.0804 | 0.0802 | 0.0803 | 0.0803
w=2.8
t 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000
FDR | 0.0830 | 0.0839 | 0.0842 | 0.0864 | 0.0871 | 0.0868 | 0.0852 | 0.0851 | 0.0846 | 0.0847
/1, =
t 1000 2000 3000 4000 5000 6000 7000 8000 9000 | 10000
FDR | 0.0911 | 0.0899 | 0.0873 | 0.0873 | 0.0858 | 0.0880 | 0.0889 | 0.0898 | 0.0902 | 0.0893
©w=35
t 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000
FDR | 0.0931 | 0.0919 | 0.0902 | 0.0860 | 0.0886 | 0.0913 | 0.0909 | 0.0904 | 0.0916 | 0.0922
p=4
t 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000
FDR | 0.0993 | 0.0972 | 0.0947 | 0.0941 | 0.0951 | 0.0956 | 0.0946 | 0.0931 | 0.0939 | 0.0952
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S AL AL GRS Y EHI=-L;-X-ESI-+-L>X-EQI- -+ -+~ (2-2) ¢
=T, A 2D, 2-2) ..&
JERREARFAS, (2-1) Foi EE/EHI =Bo+B1PCG+[:RGP+ -+ BX;+¢
*+BoCWUR+B10ECPGHL1 i WCPG+e; - - - - (2-3) <
# 5.2 OPLIS ERIXFARF . BBJMFEL FDR KT
T = 0.1
t 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000
FDR | 0.0966 | 0.0910 | 0.0934 | 0.0982 | 0.0983 | 0.0972 | 0.0971 | 0.0980 | 0.0983 | 0.0988
Ty = 02
t 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000
FDR | 0.0830 | 0.0839 | 0.0842 | 0.0864 | 0.0871 | 0.0868 | 0.0852 | 0.0851 | 0.0846 | 0.0847
e = 03
t 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000
FDR | 0.0882 | 0.0892 | 0.0897 | 0.0893 | 0.0890 | 0.0865 | 0.0862 | 0.0854 | 0.0856 | 0.0853
Ty = 0.4
t 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000
FDR | 0.0820 | 0.0822 | 0.0814 | 0.0814 | 0.0827 | 0.0827 | 0.0833 | 0.0844 | 0.0850 | 0.0842
Ty = 05
t 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000
FDR | 0.0676 | 0.0663 | 0.0668 | 0.0665 | 0.0671 | 0.0676 | 0.0669 | 0.0667 | 0.0667 | 0.0668
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Abstract

In the online multiple testing problem, p-values corresponding to different null
hypotheses arc observed one by onc, and the decision of whether or not to re-
ject the current hypothesis must be made immediately, after which the next p-
value is observed. Alpha-investing algorithms to control the false discovery ratc
(FDR), formulated by Foster and Stine, have been generalized and applied to many
settings, including quality-preserving databases in science and multiple A/B or
multi-armed bandit tests for internet commerce. This paper improves the class
of generalized alpha-investing algorithms (GAI) in four ways: (a) we show how
to uniformly improve the power of the entire class of monotone GAI procedures
by awarding more alpha-wealth for each rejection, giving a win-win resolution to
a recent dilemma raised by Javanmard and Montanari, (b) we demonstrate how
to incorporate prior weights to indicate domain knowledge of which hypotheses
are likely to be non-null, {c) we allow for differing penalties for false discoveries
to indicate that some hypotheses may be more important than others, (d) we de-
fine a new quantity called the decaying memory false discovery rate (mem-FDR)
that may be more meaningful for truly temporal applications, and which alleviates
problems that we describe and refer to as *‘piggybacking” and “alpha-death.” Our
GAI++ algorithms incorporate all four generalizations simultaneously, and reduce
to more powerful variants of earlier algorithms when the weights and decay are all
set to unity. Finally, we also describe a simple method to derive new online FDR
rules based on an estimated false discovery proportion.

1 Introduction

The problem of multiple comparisons was first recognized in the seminal monograph by Tukey [12]:
simply stated, given a collection of multiple hypotheses to be tested, the goal is to distinguish be-
tween the nulls and non-nulls, with suitable control on different types of error. We are given access
to one p-value for each hypothesis, which we use to decide which subset of hypotheses to reject, ef-
fectively proclaiming the rejected hypothesis as being non-null. The rejected hypotheses are called
discoveries, and the subset of these that were truly null—and hence mistakenly rejected—are called
false discoveries. In this work, we measure a method’s performance using the false discovery rate
(FDR) (2], defined as the expected ratio of false discoveries to total discoveries. Specifically, we
require that any procedure must guarantee that the FDR is bounded by a pre-specified constant a

The traditional form of multiple testing is offline in nature, meaning that an algorithm testing N
hypotheses reccives the entire batch of p-values {Py..... Py} at one time instant. In the online
version of the problem, we do not know how many hypotheses we are iesting in advance; instead, a
possibly infinite sequence of p-valucs appear one by one, and a decision about rejecting the null must
be made before the next p-value is received. There are at least two different motivating justifications
for considering the online setting:

31st Conference on Neural Information Processing Systems (NIPS 2017), Long Beach, CA, USA.
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M1. We may have the entire batch of p-values available at our disposal from the outset, but we may
nevertheless choose to process the p-values one by one in a particular order. Indeed, if one
can use prior knowledge to ensure that non-nulls typically appear earlier in the ordering, then
carefully designed online procedures could result in more discoveries than offline algorithms
(that operate without prior knowledge) such as the classical Benjamini-Hochberg algorithm [2],
while having the same guarantee on FDR control. This motivation underlies one of the original
online multiple testing paper, namely that of Foster and Stine [5].

M2. We may genuinely conduct a sequence of tests one by one, where both the choice of the next
null hypothesis and the level at which it is tested may depend on the results of the previous tests.
Motivating applications include the desire to provide anytime guarantces for (i) intermet compa-
nies running a sequence of A/B tests over time [9], (i) pharmaceutical companies conducting a
sequence of clinical trials using multi-armed bandits [13], or (iii) quality-preserving databases
in which different research teams test different hypotheses on the same data over time [1].

The algorithms developed in this paper apply to both settings, with emphasis on motivation M2.

Let us first reiterate the need for corrections when testing a sequence of hypotheses in the online
setting, even when all the p-values are independent. If each hypothesis i is tested independently
of the total number of tests either performed before it or to be performed after it, then we have no
control over the number of false discoveries made over time. Indeed, if our test for every P; takes
the form 1 { P; < «} for some fixed o, then, while the type 1 error for any individual test is bounded
by a, the set of discoveries could have arbitrarily poor FDR control. For example, under the “global
null” where every hypothesis is truly null, as long as the number of tests /N is large and the null
p-values are uniform, this method will make at least one rejection with high probability (w.h.p.), and
since in this setting every discovery is a false discovery, w.h.p. the FDR will equal one.

A natural alternative that takes multiplicity into account is the Bonferroni correction. If one knew the
total number N of tests to be performed, the decision rule 1 {P; < a/N} foreachi € {1,...,N}
controls the probability of even a single false discovery—a quantity known as the familywise er-
ror rate or FWER—at level «, as can be scen by applying the union bound. The natural cxten-
sion of this solution to having an unknown and potentially infinite number of tests is called alpha-
spending. Specifically, we choose any sequence of constants {a; }ien such that 3. a; < o, and on
receiving P;, our decision is simply 1 {P; < o;}. However, such methods typically make very few
discoveries—mecaning that they have very low power—when the number of tests is large, because
they must divide their error budget of ¢, also called alpha-wealth, among a large number of tests.

Since the FDR is less stringent than FWER, procedures that guarantee FDR control are generally
more powerful, and often far more powerful, than those controlling FWER. This fact has led to
the wide adoption of FDR as a de-facto standard for offline multiple testing (note, e.g., that the
Benjamini-Hochberg paper [2] currently has over 40,000 citations).

Foster and Stinc [5] designed the first online alpha-investing procedures that use and earn alpha-
wealth in order to control a modified definition of FDR. Aharoni and Rosset [1] further extended
this to a class of generalized alpha-investing (GAI) methods, but once more for the modifed FDR. It
was only recently that Javanmard and Montanari [9] demonstrated that monotone GAI algorithms,
appropriately parameterized, can control the (unmodified) FDR for independent p-values. It is this
last work that our paper directly improves upon and generalizes; however, as we summarize below,
many of our modifications and generalizations are immediately applicable to all previous algorithms.

Contributions and outline. Instead of presenting the most general and improved algorithms imme-
diately, we choose to present results in a bottom-up fashion, introducing one new concept at a time
so as to lighten the symbolic Joad on the rcader. For this purpose, we sct up the problem formally
in Section 2. Our contributions are organized as follows:

1. Power. In Section 3, we introduce the generalized alpha-investing (GAI) procedures, and
demonstrate how to uniformly improve the power of monotone GAI procedures that control
FDR for independent p-valucs. resulling in a win-win resolution to a dilemma posed by Javan-
mard and Montanari [9]. This improvement is achicved by a somewhat subtle modification that
allows the algorithm to reward more alpha-wealth at every rejection but the first. We refer to our
algorithms as improved generalized alpha-investing (GAl++) procedures, and provide intuition
for why they work through a general super-uniformity lemma (see Lemma 1 in Section 3.2). We
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Existing online multiple testing algorithms control some variant of the FDR over time, as we now
define. Atany time T, let R(T") = ZT=1 R; be the total number of rejections/discoveries made by

the algorithm so far, and let V/(T) =  _,,,0 Ry be the number of false rejections/discoveries. Then,
the false discovery proportion and rate are defined as
1 gdD)) =k | %D
FDP(T) := B and FDR(T) = E [H(T) ,
where we use the dotted-fraction notation corresponds to the shorthand § = 7. Two vari-

ants of the FDR studied in earlier online FDR works [5, 8] are the margmal FDR given by
mFDR,(T) = m% with a special case being mFDR(T') = fl_'iﬁ%\%]f" and the smoothed FDR,

given by sFDR,(T) = E ['lﬁ(“)"-e)ﬁ] . In Appendix A, we summarize a variety of algorithms and de-

pendence assumptions considered in previous work.

3 Generalized alpha-investing (GAI) rules

The generalized class of alpha-investing rules [1] essentially covers most rules that have been pro-
posed thus far, and includes a wide range of algorithms with different behaviors. In this section, we
present a uniform improvement to monotone GAI algorithms for FDR control under independence.

Any algorithm of the GAI type begins with an alpha-wealth of W (0) = Wy > 0, and keeps track
of the wealth ¥ (t) available after ¢ steps. At any time ¢, a part of this alpha-wealth is used 1o test
the ¢-th hypolhe51s at level o, and the wealth is immediately decreased by an amount ¢;. If the
t-th hypothesis is rejected, that is if R, := 1 {P, < a;} = 1, then we award extra wealth equa]lng
an amount ;. Recalling the definition F* : = a(Rl, .., R¢), we require that a;, ¢, ¥ € .7-"
meaning they are predictable, and W {(t) € F*, with the exphcn update W(t) := W(t — 1) —

Ry;. The parameters Wy and the sequences o, ¢, 3¢ are all user-defined. They must be chosen
so that the total wealth W (t) is always non-negative, and hence that ¢, < W (t — 1) If the wealth
ever equals zero, the procedure is not allowed to reject any more hypotheses since it has to choose
oy equal to zero from then on. The only real restriction for o, @, ¥, ariscs from the goal to control
FDR. This condition takes a natural form—whenever a rejection takes place, we cannot be allowed
to award an arbitrary amount of wealth. Formally, for some user-defined constant By, we must have

e < min{¢. + Bo, % + Bo - 1}. @)
t

Many GAI rules are not monotone (cf. equation (3)), meaning that o is not always a coordinatewise
nondecreasing function of Ry, ..., R¢_1, as mentioned in the last column of Tuble 2 (Appendix A).
Table 1 has some examples, where Tk := mingen 1 {3 f_; Re = k} is the time of the k-th rejection.

| Mame Pacameters  Level ay Penalty Reward oy |
[5] Alpha-investing (AI) == e <W(t-1) ¢t + Bo |
[1] Alpha-spending with rewards « < 1,¢ cWEt —-1) «W(t-1) satisfy (4)
oo
[9] LORD'17 Sm=1 & vWo+Bo & vr; Bo=o—-Wo |
i=1 3 <t 1

Table 1: Examples of GAI rules.

3.1 Improved monotone GAI rules (GAI++) under independence

In their initial work on GAI rules, Aharoni and Rosset [1] did not incorporate an explicit parameter
By: rather, they proved that choosing Wy = By = « suffices for mFDR; control. In subsequent
work, Javanmard and Montanari [9] introduced the parameter By and proved that for monotone GAI
rules, the same choice Wy = By = « suffices for sSFDR; control, whereas the choice By = o — Wy
suffices for FDR control, with both results holding under independence. In fact, their monotone GAI
rules with By = a — W) are the only known methods that control FDR. This state of affairs leads
to the following dilemma raised in their paper [9]:

A natural question is whether, in practice, we should choose Wy, Bo as (o guarantec FDR
control (and hence set By = a — Wy « a) or instead be satisfied with mFDR or sFDR
control, which allow for Bo = a and hence polentially larger statistical power.
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